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spatiotemporally chaotic motion in fluid
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Turbulence phenomena
nonlinearity, dissipation, huge degrees of freedom
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Turbulence phenomena Turbulence phenomena
nonlinearity, dissipation, huge degrees of freedom nonlinearity, dissipation, huge degrees of freedom

high pressure ' low pressure
> steady flow <

No energy conservation
pressure power = energy dissipation
Heat due to friction
kinetic energy = internal energy

8

Ishihara, Kaneda, Yokokawa, Itakura & Uno (2007)

Momentum gnd heat transfer Engineering applications
Laminar flow
u T temperature
velocity

Drag reduction  Heat transfer enhancement

No-slip heated wall

Turbulent flow

u T
mean temperature

Airplane and pipeline Compact and plate-shaped
- heat exchanger
No-slip heated wall

Turbulence dynamics

Turbul h - . .
urouence phenomena no reproducibility of instantaneous velocity

nonlinearity, dissipation, huge degrees of freedom
Experiment A Experiment B

Statistical property
unclosed
probe probe

velocity
velocity

time time
chaos (sensitive dependence on initial condition) 12




Turbulence statistics
reproducibility of mean velocity

Experiment A Experiment B

; probe ; probe

probe position
probe position

A .13
mean velocity mean velocity

Closure problem
du 2

a=—u, u(t =0) = ug

du — du

dt " dt
Davidson (2004)

Coherent structure

Leonardo da Vinci
(1452 — 1519)

Turbulence phenomena
nonlinearity, dissipation, huge degrees of freedom

Statistical law
unclosed

reproducibility no assumption

Simple invariant sets
fixed point, periodic orbit

Wall turbulence: K. & Kida JFM 449 (2001)
Isotropic turbulence: van Veen, Kida & K. FDR 38 (2006)

* Statistics
reproducible
non-closed equation

» Dynamics, structures
non-reproducible
Navier-Stokes equation
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1. Basic equations for imcompressible flow

1.1 vorticity

5X u(x + éx)
u(m) 2-point velocity difference

du; (i=1,2,3)
- 6:c ou; = u;(x + dx) — u;(x)
= 46X, — ox;

8’1&' 2

relative motion

5z = |5z

or — 0
auz(s

3:1:

velocity-gradient tensor

auz-
D={d;}={—"
st ={52]
eigen-polynomial of tensor I’
F()\) = — det(T — \I)
=23 —tr(T)A2 + Q(T)\ — det(T)

5’(1,1'

second invariant

QT = 3 {[tr(M)]2 — tr(1?)}
imcompressible fluid

tr(D)Zdii=an =V-u=0
’ Ox;

Q(D) = 3[(d;)? — d; jd; 4]
2 8:1:3- 833@

Q(D) is used for visualization of vortex
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decomposition in two parts
ou; Ou;  Ouj Oou; Ouj
i) i 8
H—/ %f_/
E = {e;;} 2 = {w; j}

rate-of-strain tensor vorticity tensor

€i,j = €ji Wi,j = Ty
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relative velocity represented by E

ou = %E&v

orthogonal matrix A (A~1 = A?)

du = Adu' Sz = Adx!
Adu' = LEAS2'C) v = SATE A

f)a:"l o 0
LAtEA = ous
lAlEA = ot
0 duy

!
Oxy

incompressible fluid
0 0
tr(E) = 2tr(D) = 22 zi =0

/
8.’1:3 24




5'1.1,@' = %wijj&cj
1 1
= 5€5,i kWr0T; = 56k, jWKOT;

Su = %95:1: =%w X 8

o 1 o |
friad riad
x3 1 : 3 T1
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local relative fluid motion

ou = Déx = %E(SCU—F%QJ X 0x

uniform strain

in three orthogonal

directions
_ 1

QD) = —?di,jdj,i

—gleij twij)leij —wij)

(1212 - |1E|?)

Q(D) > 0 rotation

Q(D) < 0 strain

1.2 vorticity equation
equation of continuity (mass conservation)

D
—pz—pv-uzo
Dt

D o

ST T
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stress tensor for incompressible Newtonian fluid
P = {-pb;; + pei;}
Navier-Stokes equation (equation of motion)

Du; 0
Por = @[—P&i,j + e 4]
Du; 10p 0%u;
= ——— V—
Dt pOx; Oz ;0
_ U
V= —
P 28

Invariance in Navier-Stokes equation

. Translation in time

. Translation in space

. Rotation and reflection in space
. Galilean transformation

. Scale transformation

' = Az, u = \*3u,
= \1=a/3¢, o = p,
pl — AQO’.‘/SP’ = )\1+a/31/

OaprwON =

Navier-Stokes o = —3
Euler « arbitrary Kolmogorov o = 1

divergence of Navier-Stokes equation

1 0% _ Oujdy
pIz;0z, T Oz Oz
o ) 92\ Ou;
— =ty —v
ot Oz Oxj0x; /) Ox;
1 9?2 duj du;
=P = T = 2q(D)
P amjamj 8% amj

V2p = 2pQ(D)
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non-locality of pressure

= wj +v
D’ Dt IO -
p(ax) = P /[/V ‘Q( ) gy + b(x) dxj = Ox;0z;
5 vorticity-stretching term
vo=0 Wj%=wj(%eij+%wu)
rotation of Navier-Stokes equation awj ’ !
1 1
a == 7e,w _I_ 76’,]{;’ wkw.
a_?:—V(I—)—I—%MP)—i—uxw—I—uVQu 27T 2T TR
8'0 DwZ%Ew—l—%wxw
w
|:>E=VX(UXW)+I/V2L&; =%Ew ;

Dw; Ou; 9%w;

vorticity equation

Dw _ 1 2
Dw; 1 (0u; | Ouy D%w;
ot~ 2\ow; " o2, ) T Va0
t x T; Z ;0%
w = %Ew
W' = 1A'EAL
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case (1)
T
113 Lq
case (2)
5
;1:"3 r 1 34

equation for material line element
Dot

—— = Dd¢
Dt
Helmholtz vortex theorem
D
e = %E’w
Dt
O || w = w = adl

DCSE 1 Da _
75-@ +a t ECLE(SE — a =20 -

Time evolution of rate-of-strain tensor

Dt
Pressure Hessian

DE 2
— =B+ 2?) - S+ vV2E
p

_[
o Oz;0x;
Time of evolution of vorticity tensor
E = —§(EQ + QE) + vVl )




1.3 enstrophy dynamics
Kelvin’'s circulation theorem

n F(C):jf u - dx

= [ nos

gl = (G e )

S

Motion of vortex tube

J-g

dt Dt Dt .
bu » R Ddz thick tube
o=V p TV == (dz- V)u , CON\TI(C-Cch=0 thin filament
-C
ar _ V}( (V24) - da conservation of I~ ry+r=cH=0 I'=wiS
t c v =0 — I' = censt re)y-re)y=0 65 —-0, w—oo
Biot-Savart law V.A=0 Energy budget
u=VxA+Ve 5 5
Vep =0 (3lul?) =
v2A =V xu= T p 0u;
= — XU=—w Y (%u|2uj + Uj) + vy 7
p (')a:j P é)a:jé)a:j
A= w@) Pu; 0
an ui——— = —(ud; ;) — | D||?
) SIV |£B — /| Oxjdx; Oz -
! !
vaz_[// w(m)x(m—az)dv, =5 (uze; ;) — || E|1?
an ) ) Jv |z — '3 v
r [ e’ x (z — ') = 5 (uiwi) = |wf?
~ — 7
4nte |z — '3 » =V (uxw)—|w? w
average ()" = 1 ()dv
g v/l Enstrophy budget
2V a
—v| D 5 (3le1?) = .
o (BluPY) =14 —w3ERPY =-20Q =y (Bllug) o e+ wig -
energy 2
2 7}
viw|?V dissipation Wil = V- [w x (V X w)] — |V x w[?
d.iﬂjdit‘j
_ 1.2V
enstrophy Q= §| | dQ _ 1= enstrophy variation
— = 5w'Ew <:| .
q energy dt by stretching
17,12V — [r———)
v=20 — | s|u =0 _ 2V
dt (2| | ) cascade V//BVB \wl v|V X w| Y




_ —_ 1 iV
V= O E = §thw
dQ enstrophy
2-d flow 9t 0 cascade

inviscid energy dissipation

d rimvy
v—=0 Qoo - (3ufY)=-2Q<0

U D . D
- .’$L Cp = %pU2L2

no conservation

2. Dynamics of vortex layer and tube
2.1 stretched diffusing layer and tube
diffusing vortex layer

x3 2-d flow

z, W=ui(zy,22,t)e;
o +up(zy,22,t)e

w = w3z(x1,22,t)e3

L1
) U3 . B’UQ 8’11,1
= =1,07312 ~ e~ =|—=——]e
uni-directional flow up = 0 similarity solution w3(t = 0) = 2Upd(xo)
Oup  Oup  Oujg U, T
+ - =0 w3a(xo,t) =0 (=2
dxrqy Oxo  Oxq 3(x2,t) Vit \ vt
uy = uy(xo,t) — ¢ similarity
2 variable
8u1 d<f d 1
w3z = ——— = w3(xo,t — 4+ —(56f) =0
3 . 3(@2,1) ae2 T e (3¢7)
2
dws 8203 symmetric solution (&) oc e ¢ /4
=v 1 Up m%
ot O3 ) w3=-—=—=8exp|—=
2 - VN ? ( 4vt)
“3 “3 stretched and diffusing layer
—> T w3 w3
stretching
. 2 2 / / 2 A :> /f contraction
velocity uy = —/0 w3(z3,t)dzy T2 i | N

22Uy )
= — erf
NS (2\/ut)
T
erf(z) = /0 e=5%ds erf(£oo) = :I:\/?%

circulation [+

2-d incompressible straining flow
u = uy (w0, t)e1—yxoen + yrzes

Juq
w = w3(x2,t)ez = T, 63
2
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Steady solution (Burgers layer) w3(z2)

Owsz Owz N +v82w3
ot ey 28 o = yw3 O 2
d?w3 d
=0
VB g (e23)

symmetric solution
\/E exp( :C% )
w3 =
v/y 2u/y
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U=-Uj ad)

Kelvin-Helmholtz instability
U=+4Ug infinitesimally thin layer

v u=Uey+ Vo
T % VZ¢ =0

Bernoulliequation p =1

+ w2+ (P +p) = f(t)

Linearized equation

Material surface S(zx,y) + s(z,y,t) =0
D
—(S =0
5 t( +s)

Linearized equation S(z,y) =y =20
( 0 0 ) 0¢0S

2 Vo) oy,

normalmode f=¢, p, s

f(z,y,t) = Re [f(y) eia(m—ct)}

51

perturbation equation

d?4 ~
ayp ~ B0
(U —c)p+p=0

ia(U—c)g—I—%:O (y=0)
dy

[T (y>0)
“”‘{%1@ y<0) .

Matching conditions (y = 0)
(Uo — C)§+ = (-Up—c)¢~
d d¢—
(U0 - 0% = (- %
Yy
eigensolution
¢T = Ae™ ¢~ = Bet®
(Ug—c)A+ (Up+ec)B=0
(Ug+c)A—(Ug—c)B=0

c/Ug = +i T—> adm(c) = +aly
B/A = +i =

Instability mechanism
D

: low
i pressure

low
pressure

high
pressure

54




nonlinear rolling-up of vortex sheet

Krasny (1986)
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layer-tube transition

Ruetsch & Maxey (1992)
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diffusing vortex tube

Circular flow ur =0

2-d flow 10
3 u=ur(r,0,t)e, Vi-u= ( —+ ee—%) - (urer + ugep)
0,1
. +up(r, 6, t)ey _Ou ur 10u _
O w = wz(z1,x2,t)e3 T or ' r " roe
T ey Oer Oug
—_— = = — =0
1 T2 2 or 0 g a0
Er 863 869
o =0 T ug = ug(r,t) .
w=V,| Xu — 10
L u-V = (urer + ugeg) - + €05
10
= ( ~—+ 69 ) x (ugeg) _ ., 9  ud
r oo urc’? r 00
= 8“68 X e uee X e
oy 0T RS 5 ( 18)( 0 18)
V9 = -
19 L ar T 0) \&ar T o0 g
= —8—(7°u9)€3
" _92 10  108°
or2 " ror  r2062

10
w3z = w3(r,t) = ;a("‘ue)

59

60
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2-d flow

8w+(u VL)w—yVJ_w
8w3 ( 0 [ uyd )
+ "or ' r o6 “3

Or2 ror = r2002

82 18 1 92
S L B A

similarity solution w3(t = 0) = I'6(r)/(7r)

w3(r,t) oc £f (L)

vt vt
- ¢ similarity
™ variable

df
5(5 £)+ g (362/) =0
F(&) e /4

regular solution

circular flow 5
w3 a2 n 10 |:> w3z = Lexp (_T_)
—=v|—=+———|w

8t 87’2 T 8?" 3 61 47Ti'lt 4I/t 62
velocity stretched diffusing vortex tube
1

-
uy = —f r’ws (', t)dr’
rJO

I r2
= 1 —exp
27rr 41/t
circulation on circle of radius r

27
F(r;t):/o ugrdﬂ-]ﬁ{l—exp(

I'(r=o00;t)=1T

o)

63

axisymmetric incompressible
straining flow

T3

u = up(r,t)ey

—%rer + vz3es

w = wz(r,t)es

10

= ;g(me)es

64

unsteady solution w3(r,t)
Jwz v Owsz ( &2 10

o 2o~

Lundgren (1982) transformation

stretch parameter S(t)
ds
dt

t
S = exp (/o fy(t’)dt’> = et

=48 St=0)=1

or2 * ?"67") “3

65

R=[S(O)])Y?r = &1/2y
T=To+ [ SW)at =Tp+ ("~ 1)/
(R, T) = ws(r,t)/S(t) = w3e*’ﬂ

a _oT o 4 ORO _ 0 + TR0
ot otdT = ot OR >ToR
0 _90T 9 4 OB R 0 31/2£

or or 0T dr GR OR

92 92

a2~ “3m2 i
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vorticity equation

—(S ) — —T—(SQ)

82 19
= S —— | 8N
v Tv (87‘2 + rar)

P a0

S0 S(S— rY )Q Ysr%Y

v582+ Jr2 OR R
92 10

= ~S0Q + vS? — 0
=784ty (8R2 RaR)

92 82 19
=N
ar (6R2 + RBR)
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Lamb-Oseen vortex

R?
e —_—
Xp ( 4, )

stretched diffusing vortex tube

r r2
=SN=—"Sexp|——=
“3 4762 P ( 452)

I 1—exp r>
u _— —
= onr " 462

 4muT

68

thickness of vortex tube

5(t) = \/V/’Y + (v1p — y/*y)e_ﬁ
15}

Ve

Burgers

// length

O "Yt 69

Coherent structures in isotropic turbulence

Vortex tube
diameter
10(v3/e)1/4
velocity
3(ve)l/4
energy dissipation
e=v|E|?/2
Kida & Miura (2000)

Vortex tubes in small scale turbulence

Vi ~ (3 e)t4

I 1
strain time scale — ~ /v/€
v

Burgers length

Burgers velocity ~ (ve)l/4
v/y
Vortex Reynolds number £ ~ 1
v
. vl _
turnover time Vi v/e B

Coherent structures in near-wall turbulence

Vortex tube
diameter ﬂoym
30w /ur 7
Ur

K. (2003)

Friction velocity ur = 1/Tw7

12



Streamwise vortex in near-wall turbulence

M ~ v/ur

1
=~
-

r
Vvl

Burgers length

strain time scale

Burgers velocity

~ Ur

2.2 Wrapping of vorticity lines

generalized 2-d flow

r vorticity
Vortex Reynolds number — ~
y 1 1 w zww(yvzat)ex'l‘wy(y»zat)ey+Wz('y: 2y t)eZ
. vl 2 velocity
turnover time " v/uz b u=u(y,zt)es + vy, z,t)ey + wly, z,t)e:
streamfunction vorticity
@4_@4_6_1”:@4_8_1”:0 w(yazat)z—viwew'i‘g—:ey—g—uez
ox  Jdy 0Oz dy Oz velocity Y
L 4 wly, ) =west ey~ Ve,
= 92 ay dz dy
:> 5 H2 92 projection of vorticity line on (y,z)-plane
Ay 0z du du ‘ du du\ [Ou Ou
uE R (‘*’yawz) = unr R = Y A = O
du Ow ou dy 0z dy Oz dz" Oy
wy = ——= —
9z Or Oz Viul( , u = const.
U Wy, W ::>
Wy = @ _ @ — _@ - v projection of vorticity line
or Oy Ay * *
vorticity equation Navier-Stokes equation
2 2
Owg Owy Owy _ 2 % %% = a_ li ia_
o TV, TUg, —rViw ot roo \ar2 T var ' 2002)"
Y
initial condition : wz(t = 0) = r'o(r) Y initial condition : 4(t = 0) = Sy = Srcos#
mr
[0) .
diffusing tube (£ = %r(ut)fl/z) : similarity solution  u(r,6,t) = Sr Re[f(£) e~
10 r e 3 S 1-e¥€
- [ = 75 & — / —_ =
we(r,t) Tar(f'ue) Arot e 7+ (26 + ) Ft |2m/ F=0

ug(r,t) = % (1 - e_gz)

7

3
boundary condition : f(§ = oc0) =1

52

78
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Pearson-Abernathy (1984); Moore (1985)
spiral vortex layers

cross-axial vorticity

(o 4 (2

3. Universal statistical laws in
isotropic and near-wall turbulence
3.1 Kolmogorov 4/5 law

[e o]
ensemble average T = f a:f(m)dm

z= |lim z;
N—>ooN Z '

S
r 1
Dy 100 temporal average zl = |im = zdt
TV T—oo T JO
. v . 1
spatial average ' = Ilim — [ zdV
40/t VooV JV
° ergodicity °
_ _ _ Average equation
Incompressible Navier-Stokes equation (p = 1) @ om; _ Bp i ) ow | 0 o
Buz o B ap 2u; at T dz;  Ox;  Ox; dx;  dw 29
= v
Ja T (‘):z:1 azja:,:j o, Reynolds stress
aui —0 axi
8:% o . .
Fluctuation equation
. o, o ou; 0 Bp 82u!
Reynolds decomposition i (s R BT B P —t
o T+ u) 5 2 0w, 02, " T 0w, TV by,

ui=utu, p=p+p

!

i
81 8"1;1’ 82
Energy equation
9 11,712 a — 1\ 1,02 .. .
o (B1w'1?) + 5, [(@ + ) 31'?] Energy dissipation
:'Ia_ 1 O 0 iy 1821*,' v Ou;
+u; Y o 2 uz‘ajui% = om (Puz')-l'vuz'axja;j DA B oy

Turbulence energy equation
( |2 ’| ) ij [(uj + u; ) 42|U \2 _ (—p"si,j + Veg,j) ui]

O

/! ! [ (]
S = APV e
270 T Mg

o o

: (3
5 .
BI 81171' a3

J
flow » |molecule

Turbulence energy production

7 /auz

T ]Bzcj
mean flow | < » |eddy

84
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2nd-order velocity correlation tensor

R; j(r) = uj(x + r)u;j(x)
= wi(@)u, (@ —7)
= u;(x)u;(z’)
= R, j(z,z')

.I',=:B—'1‘

ua(® + r)ug(e) = R; jo;B;

a
5, Fii (1) =~

a
8—%Ri,j($a ') =

o0
8—%313(50, $8:)

incompressibility

_Rz,j("') ’5,(:12 x')

- a—mz(a:)uj(m')

=0
) 8 )
a—erz',j(T) = —?Ri,j(w»m)

= —Hz(ﬂ?) e (m )

=0 86

2nd-order velocity correlation tensor
Rij(r) = F()25 + Gy
R j(r) = R; ;(— 'r) R;i(r)

RMS (root-mean-square) velocity

ur,
r
37t 3 ur,

2nd-order longitudinal velocity correlation function
F(r) = up(e + ryug (@) /U?
2nd-order lateral velocity correlation function
9(r) = un(@ + ryuy(x)/U? T
N

UN

Longitudinal correlation
U2f(r) = Riy(m)"5 = F(r) + G(r)

Lateral correlation

u-rr
Uy =u — —

T T
TkTi
uyg = (51;,@' - ) u;

TET.
Ug(r) =3 (ni - "57) (605 "
(i 'l"
=3 (51— ") Rig(r) = G

F(r) =U?[f(r) —g(M)]  G(r) =U?g(r)

) wi(@ + 1)y ()

Incompressibility

S (1) = 3Ry,

=U2 L4292

=0

g-i-%(ffg):O
=5+

89

Homogeneity
Ry 1(rie1) = ui(z +riep)ui(zx)

7R = %~R
a1 1,1(z, @) o, 1,1(z, x')
o 3]
—Ry () = ——Ry 1(z,z) =0
0z oxq

Taylor length

—-1/2
r=0)

dr2
ey =1-3(5) 4
o =1-(5) +- .

15



Integral length

L= /Ooo FHdr /OOO g(r)dr = %L

f(r)
1

91

3rd-order velocity correlation tensor

R; j k() = ui(@)uj(x)up(z + 7)
R; jk(r) = R x(7)

0
Rk (T)

= u(@)u;(@) 5@ + 1) = 0

Rijp(r) = A(’")%+B(T)51,j%k+c(f) ( i k* 4 8k )

i k(=T)  Ry;x(0) =0

92

R jk(r) =-R

Incompressibility

0 d 2 d 1 T
— R . ==+ a1ro [ = )| 2L
ary. 2.3 4(T) [(d’i” + 7") + (dr r) ] r2

3rd-order longitudinal correlation function

h(r) = w3 (z)up,(z + 1) /U>

Longitudinal velocity correlation
TiT§Tk

d 2 2
+|(5+2) B+2C]ay UPh(r) = Rygpt 5% = —2B(r)
—0 Isotropy
rdB Ri11(re1) = —Ri11(-rie1)
C=-B-54 52 52
dB o 23111(1“181)——6 2 Ry11(-r1€1)
A= -B+4+r—
dr 82 8
o2 1,1,1(0) 2 1,1,1(0)
Homogeneity . . .
Longitudinal velocity correlation
d a 8 — 3
ar () =uigl =4 =0 U3h(r) = (g"”) P
xTr
a3 g
——5R11,1(0) =} .
arg b o 2nd-order velocity structure tensor

9 26 uy  dufd?uy
(’93:1 Bwl O Bxl

Bula u7 a duq 2
= —2u Ul ->— = —-uj— | —
Oxq 87:1 Oz \ Oz
3
a 0 o
=9 (0m _+_ uq
Jxq dxq oz
_ [Ouy 3
= 811 95

B; ;(r) = du;(r)du;(r)

= 20755(0) = Riy(r)

= 51" + U2 (835 - "7
i) = e 4 7))

96
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2nd-order longitudinal velocity structure function
So(r) = [up(@ +7) — ug(2)]?
=2U°[1 - f(r)]

3rd-order velocity structure tensor
Bj jk(r) = du;(r)ou;(r)oug(r)

= 2[R; j k(1) + Ry ;(r) + Rj 1 i(7)]

— 33 (-2
2nd-order lateral velocity structure function dh ’ ::k . r
Ua(r) = [un (e + 1) — un ()] +(htrg) (57 + i+ 002 )
=202 |1 — f(r) — gj—f 3rd-order longitudinal velocity structure function
r
=520+ rng S3(r) = [ug(z + 1) — ur (@)
= r;rir
2 = By ,J,k( r)— j .
g = 6U3h(r) *
Velocity correlation equation B_Ri,j('r: ) = -2 [Rz’,k,j(""v £) + Rj,k,i(ﬂt)]
u; = u;(x,t) u; = u@-(ml,t) p— 52
¥ =x—7 ———pu; +3 P%‘FQV Ry j(rt) + Fy
du 0 op 02 . Ori Orydry ’
ot a_:cku‘uk - am1 amkam Bman, i T i Pressure-velocny correlation
ouj 9 ) 82 — rj
v} 1ot :__p ’ / pu-ZA('r,t)—
ot T a T T Tour T Vaaoa 1 T 5 5 T
— r
Ol = 0 (g, — wpniar) 5 = 5, (A2) = 75,2 =0
g it By W KWy 1R J J o
o— 0 92 - - = A(r,t) = —
—Fpuj‘l‘a plu; + 2 e uu; + fiug 4 fiug - T
T g TkOTk w pug' =0 (C=0) o
d 92 Isotropic form 5 = j
— - t
(81& 8rk6r )R” (r,t)

= BTk [Ri,k,j(r, t) + Rjpq(r, t)] + Fij

3rd order velocity correlation terms

7]
oy °

ik (1 8) 4 Ry gei(r, )]

r=0

101

(3 + Tﬁ) [81:

Karman—Howarth equation

{ﬂ _
ot

f-2v U2 (37 + )g{
_y3 (£+§) h—F(r,t)] =0

F(rit) = rl3 /OT r’QFivi(r',t)dr’
2 (54 7) 5] V1 = (5

T) U3h+F

102
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Stationary turbulence /8t = 0

Energy dissipation Integral scale . )
Decaying turbulence F(r,t) = 0 o~ (E)
B 82f L A
Su?=1000% 21 L.oUAL
t or<|,_o \ R
__ d3 2) (U )2 UL UAL
=— Us) =15 ="~ 22 =R?
= a3 "\ Re=—"=n~ =" =R}
Kolmogorov scale

F(r =0) = —100U? 27
=0)=- =3 N -1/2
BTQ r=0 X R /
U 2
= %F(T’ =0) = 15v (K) . n_ R;3/2 ~ Re—3/4 "

n=(3/e)t/*

2nd, 3rd order longitudinal velocity correlation
U2f(?",t) = U2 - %52(T7 t)
U3h(r,t) = £S3(r,t)
Karman—Howarth equation

du? 18S> 19 :
— 3= = —y—= F
dt 2 ot 48r[ ( 53 )] +

Small scale r» « L

105

Inertial range n < r < L

1 — 2 -
683 = —EE’T‘

Kolmogorov 4/5 law

S3 = [ug(@+7,6) —up(x,1)]® = —Fer
U3h = uf (=, ur(z +7,t) = —ger

106

3.2 Universal statistical laws

Andrei N. Kolmogorov Ludwig Prandtl
(1875 — 1953)

(1903 — 1987)
Kolmogorov similarity law Prandtl wall law
(1941) (1932)

Fourier expansion L3 Periodic box

w(a, t) = (QJ)SZa(k,t)e‘kw
L oo Z ( ) ~ [dk

Wavenumber vector
2m t ..
= (my1,m2,m3)" m;: integer

Fourier coefficient

u(k,t) = (;)3fu($,t)eik"mda:

108

u(—k,t) = u*(k,t)
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Energy spectral tensor

b, i(k,t) = (;)3/&,j(r,t)eik"°dr

Vorticity correlation tensor
Ry (1) = wi(z + rwj(z) = wi(x)w;(z’)

Oug Ol
. . RY(r) = Ei,p,qfi,t,ma—q 3 o
R; j(r,t) Z/Qbi,j(kat)elk'Tdk el
' _ Oumduy,  Oup duy,
- T ;
Energy spectral function ‘ 8252 Oz dwm %ﬂg«!
YuP = 302 = 3R, (0,0) = 4 [ @10k, 1)k = D02 Bzpal
o0 2 ’ 2 2
=f or k2, (k, )dk k= |k| I 9
0 ’ = ——sz,m + I,m
/Oo or; Ormor
= E(k,t)dk 2
0 =_Y
109 BTIQRTR;T” 110
Enstrophy spectral tensor Energy dissipation
1,3 i 2
Sp:)(k,t) = ( ) /‘R‘i‘)v(r,t)eflk“rdr 2V—2Ri,i = —QVR%‘;?;
5J 27'[' . 5] a,rk 3
w _ [ aw ik-r 2 —
Ri;(r,t) = / o5k, )™ dk 2u %RM = —20R¥(0,t) = —2v|w|?
74 ?
Enstrophy spectral function k r=0
du?

02 ik.r
R%L:,‘,;(’T',t) = 7872 /@i,i(k,t)e “dk
o _
= [ K20;i(k, )k Tak
LwP = 4Rg;(0,6) = § [ K20, (K, )dk

=/ 2k, 5 (k, t)dksz k2B (k, t)dk
0 ! m

3W + 2v|w|? = F; ;(r = 0)

decaying e

~ 5 (0?) = vloP?

stationary &= 1F, ;(r = 0) = v|w|?

Energy dissipation spectrum 2vk?E(k,t)

12

Energy cascade

e~U3L

=
=
=
w
=
=
=
=
©
[}
o
a
>
<)
2
9]
=
(10

2UCER)

lwavenumber k

&

Kolmogorov similarity law

Energy dissipation
v 8u1- Buj
= —€; 6, i €= — -
5 hI%hT G da; | O,

[l

Kolmogorov scale
n= 2R tie = @/, ug = i)'/
Energy spectrum function (Kolmogorov 1st hypothesis)

E(k) = (WP 4 k(3 /e)1 4

-5/3 power law (Kolmogorov 2nd hypothesis)

E(k) = Cxe?/Pk5/3 Cp=14-18 u




Universal energy spectrum
&

.

wavenumber k

=
=
=
|
IS
S
=
5}
o}
o
(2]
>
<)
I}
[}
c
L

2WRER

Inertial range

universal range

Near-wall turbulence

No-slip impermeable wall

e Boundary layer
e Channel flow (Couette, Poiseuille)

Obukov cascade

Inertial range €, 7

su(r) ~ (er)t/3

_ du(r) ( T ) 1/3 scale invariance
velocity ~ | — -1
Su(rh) r! o=
it w(r) (r)2/3
vortici ~ =
Y w(rh) r!

Intermittency Deviation from [§u(r)]P/UP ~ (r/L)nIZ/?’

Plane Poiseuille flow

2h p+v”? =plw
—> |y -«
IX du — du ap
— V— —uv =v—| ——
y dy|, Oz

Plane Couette flow (gp/02 = Q)

* Pipe flow (Hagen-Poiseuille) dy 4yl
118
Friction velocity
Plane Poiseuille flow du
J— _ Ur — v di
2h P+ =Dl Ylw
y Prandtl wall law ( near-wallregion 9 /h, < 1)
— V— — UV =V — — =V dﬂ
< dy dy|, Oz v = u72_
dy
Plane Couette flow (§p/0z = 0)
— ury
du i du U = u‘:"f (—)
V— —Uuv =V — v
dy dy |y _
U ury
— =" (ury/v ~ 1)
119 Ur v 120
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Mean velocity

> u linear sublayer

Y
301

bulfer layer

Energy budget

Spalart (1988)

0.50 -l
¥ production

0254

pressure diffusion
y

o :
viscous sublayer
. ./ 0
inner layer
20 wall law T Bt oo
o ,r Eoizs1jmscousidiffusion B2 turbulent diffusion
= t GEE issipati
\j Iag region ouler layer dissipation
1 L 7 0.
L 10 velocity defect law Y 10 20 0 o 50
I3 v
r de i p— du
y=018 y=¢ - (h? v (vii/2) - Wt —e=0
i 3 o T y y ] x 2
2 .
1 10 10 10° N ol o]
e do =0 (p' +vjvf2), e=v
Y= u, ylv Ay Dy
121 . 122

Logarithmic velocity (Townsend 1976)

Turbulence energy production

du
w2t
dy
Energy dissipation ~ Energy input
3
e~ 2T
Ky

Energy production ~ Energy dissipation

dut 1 1
v — s at~Zinyt+cC
I3

dy+ - ﬁ?y+

x = 0.41, C depends on'ffow
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